The complex angular momentum 3 plane analytic properties of the scattering amplitude for Coulomb potential have been studied. It is found that the only singularities are poles (Regge poles) in the J piane These poles are discussed in detail, with their application to relativistic S-matrix theory kept in view0 
I. Introduction
Recently Regge has introduced, for the nonrelativistic potential problem, the notion of simultaneous analyticity in the complex angular. momentum, J, and energy, E.
The importance of this notion for the relativistic S matrix is also now well recognized0 2 At the present stage., however, the practical utilization of analyticity in J is hampered by lack The answer for the case we consider is that there is nothing special about the line Re J = -as far as S-matrix elements are concerned0 We discuss in the next two sections the Coulomb scattering of nonrelativistic and Klein-Gordon (and Dirac) particles, respectively. The
• last sectiOn is a summary and gives some further results.
II. Nonrelativistic Coulomb Scattering
The Scbrdinger equation for the attractive Coulomb potential, which we consider first, is •
where .k2 = E: is the energy, e2 .= the coupling constant of the Coulomb field. This, as usual, yields for the Jth partial wave the equation
• As is well known both these equations can be solved exactly. The S-matrix element for energy E and angular momentum J is given by s(E,J). = r(j + 1 -ie2/2/F(J + 1 + ie2/2) .
(2,3)
The unitarity of theS matrix, which reads as
where the bar over S denotes the complex conjugation of the functional form only, is obviously satisfied by (2.,3)
It is obvious that the only Jplane singularities of S(E,J), as given by (2 3 The residue of the nth Regge pole in S(E,J) is given by /no r(n + 2+ ,2a(E)) tv and vanishes ata number of points, JTm= (-rn-n -2)/2 , on the negative real axis in the J planes It is interesting to consider these points in reference to the following identity:
which leads to
for cos ,t(J + i) 0, i.e., for ary E, if J = ± 1/2, ± 3/2,o;
This, for example, implies that for any given E, if there is a Regge pole at J = n -1/2, then at J = -n -1/2 there must also be a Regge pole0
All the points J m can be understood in terms of either Eq0 (210a) if J n,m n,m is a negative half odd integer, or by (2010b) if J is anegative.
integer0 The reflection property (2010a) involves neither energy nor the parameters of the potential, and was conjectured by Mandelstam to be true for a general potential05
The function a(E) is real analytic in E with a' branch point at E = 0 and cut along the positive real axis0 It satisfies the dispersion
and Im a(E) = e 2/2 ' '
We would now like to point out two respects in which we expect the behavior of Regge poles for our problem--infinite-range Coulomb potential--to differ from that of the more interesting short-range potentials0 First, one knows that one cannot make bound states of arbitrarily high angular momentum with short-range potentials0 Thus we expect the trajectory of the Regge pole to leave the real J axis and move into the first quadrant': from some finite value of J at E = 0, and not go up to infinity0 Second., it may be observedftom Fig0 1 that the real part of the Regge.pole has a very violent jump at E = 00 This is inevitable in the Coulomb case, since at E = € the real part of the Regge pole is Re J = + cc, and in order to have a finite real part (i0e0, large momentum-transfer behavior being given by a finite power for physical energy region for scattering), the Regge pole has to make this violent jump0 This is reflected in having a F E in the denominator for Im a(E) in Eq '(2.l3) However, there is
no reason for the real part of the Regge pole to be discontinuous at E = 0 for the short-range potentials0 For them we expect the factor -[i' in Im a(E) to be present in the numerator rather than in the denominator0
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The residue of the nth Regge pole in s(E,J) is given by
and vanishes at a number of points, J (-m -2)/2 , on the negative real axis in the J plane0 It is interesting to consider these points in reference to the following identity: This, for example, implies that for any given E, if there is a Regge pole at . j = n -:1/2, then at J = n -1/2 there must also be a Regge pole0
All the points J can be understood ii. terms of either E10 (2110a) if J is a negative half' odd integer, or by (2010b) if J is a negative n,m n,m integer0 The reflection property (2010a) involves neither energy nor the parameters of the potential, and was conjectured by Mandelstam to be true for a general potential05
The function an(E) is real analytic in E with a branch point at H = 0 and cut along the positive real axis0 It satisfies the dispersion relation Re a(E) = a
with a(-co) = -n 1
and
We would now like to point out two respects in which we expect the behavior of Regge poles for our problem--infinite-range Coulomb potential--to differ from that of the more interesting short-range potentials0 First, one knows that one cannot make bound states of arbitrarily high angular momentum with short-range potentials. Thus we expect the trajectory of the Regge pole to leave the real J axis and move into the first quadrant from some finite value of J at E = 0, and not go up to infinity0 Second, it may be observed ftom Fig0 1 that the real part of the Regge pole has a very violent jump at H = 00 This is inevitable in the Coulomb case, since at E = € the real part of the Regge pole is Re J = + co, and in order to have a finite real part (i.e., large momentum-transfer behavior being given by a finite power for physical energy region for scattering), the Regge pole has to make this violent jump0 This is reflected in having a For the Coulomb problem, we can also write in closed form the scattering amplitude A(E,t), whose partialwave expansion is given by
where t is the negative of the momentum4ransfer square0 The closed form is A(E,t):
a0(E) = [r(a0 (E))/t'(l +a0(E))](i/27)o(_t/1i.E) (2.,16) -
The energy and momentumtransfer singularities of A(E,t) as given by Eq,0 (215) are as follows: The gamma function in the. numerator gives the boündstate poles in the energy E , with the correct degeneracy0 There is a branch point in E at E = 0, which gives the physical branch. cut0
In the t variable, there is a branch cut starting at t = 0, which we take to run over the real t axis from 0 to + oo
The discontinuity A(E,t) of A(E,t), in crossing the branch cut in t with E fixed is given by
It should be observed that A(E,t) has no boundstate poles in E , even though A(E, t) does 0 One may also write down the expression for the dsf p(E,t), i.e., the discontinuity in A(E,t) for fixed t over the cut in E0 ' This is UCRL-9972
It is seen that the dsf has oscillations in the momentum transfer whose magnitude and period are controlled respectively by the real and imaginary parts of
We shall now discuss the case of a repulsive Coulomb potentiaL
Formally we obtain all the results for this case from those above, if we replace e2 by -e2 , Therefore we now have 
We obtain, for complex J and E ,
; 
21/2 The branch cuts arisilig from the factor [in -E ] shall be taken to run on the real axis from E = -to E = in and from E = + m to E = + 00 in the Eplane; that of the factor [(J + 1)2 -e 11/2 from e2 to j = + e on the real axis in the J plane0 It may also be pointed out that the significance of E here is the same as that of the invariant energy scjuare variable in the relativistic problem, since here we consider the scattering by a fixed center of force, i.e.,, from an infinite-mass particle0
Thus we see that the singularities in the J plane of s(E,J) are not only the Regge poles, but there is also a branch cut due to the factor
That this branch cut really is there and is not an apparent one may be seen from noting that near J = 0 we have
. 3 (3.5) It is to be noted, however, that this branch cut does not move with energy.
It is a fixed branch cut. The trajectory of the nth Regge pole, which is given by
is shown in the J 1 plane in Fig. 3 . One may here make a remark which has some relevance from the point of view of a relativistic S matrix, i.e., The point tonote is that the singularities in the 3 plane of the S-matrix elements having the same 3 are the same, and these are the same 1 as those for Klein-Gordon particles, apart from the replacement P - 
and expression that is analytic, except for poles at J = -1, -2, This circumstance also makes it plausible to the author that there may be nothing but Regge poles, since the other singularitiesdo not seem to show up for E -co e10 (It > 0 > o) However, the reader, is warned to take these remarks with a skeptical attitude, as they do not constitute proofs0
We found that the position of a Regge pole satisfies a dispersion relation Of the following form for the Coulomb scattering:
We assume this result is true in general0 Now Regge tells us that one has one from E = + rn to E = + co and another from E = -to E = in The significance and implications of the latter are not clear.
In conclusion, we wish to mention that some aspects of the Coulomb scattering problem have also been considered by M. L. Goldberger and R. Blanckenbecl,er. Klein-Gordon particle scattering by attractive Coulomb potential.
-17- Fig. 1 
